Contents

Contents

Preface

Acknowledgments

1 Lagrangian Mechanics

11
12
1.3
14

15
151
152

16

161
16.2
163
164

1.7

18

181
182
183
184

1.9
1.10

The Principle of Stationary Action
Configuration Spaces

Generalized Coordinates
Computing Actions

The Euler-Lagrange Equations
Derivation of the Lagrange Equations
Computing Lagrange’s Equations

How to Find Lagrangians

Coordinate Transformations

Systems with Rigid Constraints
Constraints as Coordinate Transformations
The Lagrangian Is Not Unique

Evolution of Dynamical State

Conserved Quantities

Conserved Momenta

Energy Conservation

Central Forces in Three Dimensions
Noether's Theorem

Abstraction of Path Functions

Constrained Motion

1.10.1 Coordinate Constraints

\il
x111

XiX

11
16

26
27
34

37
44
47
59
62

66

74
76
78
80
83

87

92
94



) Contents

1.10.2 Derivative Constraints 101
1.10.3 Nonholonomic Systems 105
1.11 Summary 108
1.12 Projects 109
2 Rigid Bodies 113
21 Rotational Kinetic Energy 114
2.2 Kinematics of Rotation 116
2.3 Moments of Inertia 118
2.4 Inertia Tensor 121
25 Principal Moments of Inertia 122

2.6 Representation of the Angular Velocity Vector 125

2.7 Euler Angles 128
2.8  Vector Angular Momentum 132
2.9  Motion of a Free Rigid Body 134
2.9.1 Computing the Motion of Free Rigid Bodies 136
2.9.2 Qualitative Features 139
2.10 Axisymmetric Tops 143
2.11 Spin-Orbit Coupling 151
2.11.1 Development of the Potential Energy 152
2.11.2 Rotation of the Moon and Hyperion 156
2.12 Euler’'s Equations 163
2.13 Nonsingular Generalized Coordinates 168
2.14 Summary 176
2.15 Projects 177
3 Hamiltonian Mechanics 179
3.1 Hamilton’s Equations 181
3.1.1 The Legendre Transformation 189
3.1.2 Hamilton's Equations from the Action Principle 199
3.1.3 A Wiring Diagram 201

3.2 Poisson Brackets 203



Contents

3.3

3.4
34.1

3.5
3.5.1

3.6

3.6.1
3.6.2
3.6.3
3.6.4
3.6.5

3.7
3.8
3.9
3.10
3.11

4 Phase
4.1

4.2

421
4272
4.2.3

4.3
431

4.4

4.5
451

4.6
46.1
4.6.2

4.7
4.8

One Degree of Freedom

Phase Space Reduction
Lagrangian Reduction

Phase Space Evolution
Phase-Space Description Is Not Unique

Surfaces of Section

Periodically Driven Systems

Computing Stroboscopic Surfaces of Section
Autonomous Systems

Computing Hénon-Heiles Surfaces of Section
Non-Axisymmetric Top

Exponential Divergence
Liouville's Theorem
Standard Map
Summary

Projects

Space Structure

Emergence of the Divided Phase Space

Linear Stability

Equilibria of Differential Equations
Fixed Points of Maps

Relations Among Exponents

Homoclinic Tangle
Computation of Stable and Unstable Manifolds

Integrable Systems

Poincare-Birkhoff Theorem
Computing the Poincare-Birkhoff Construction

Invariant Curves
Finding Invariant Curves
Dissolution of Invariant Curves

Summary

Projects

206

208
218

220
222

223
225
230
232
244
245

247
250
260
263
264

267
268

273
273
277
279

284
289

292

297
302

303
307
312

315
317



T

Contents

5 Canonical Transformations

5.1

5.2

521
5.2.2
523
524

53

5.4
5.4.1

5.5

5.6

5.6.1
5.6.2
5.6.3
5.6.4
5.6.5

5.7
5.7.1
5.7.2

5.8

5.8.1
5.8.2
5.8.3
5.8.4

5.9

5.10
5.11
5.12
5.13

Point Transformations

General Canonical Transformations
Time-Independent Canonical Transformations
Symplectic  Transformations
Time-Dependent Transformations

The Symplectic Condition

Invariants of Canonical Transformations

Extended Phase Space
Poincaré-Cartan Integral Invariant

Reduced Phase Space

Generating Functions

F) Generates Canonical Tral15f0r1‘nation:4
Generating Functions and Integral Invariants
Types of Generating Functions

Point Transformations

Classical “Gauge” Transformations

Time Evolution Is Canonical
Another View of Time Evolution
Yet Another View of Time Evolution

Hamilton-Jacobi Equation
Harmonic Oscillator
Kepler Problem

Fy and the Lagrangian
The Action Generates Time Evolution

Lie Transforms

Lie Series

Exponential Identities
Summary

Projects

6 Canonical Perturbation Theory

6.1
6.2

Perturbation Theory with Lie Series

Pendulum as a Perturbed Rotor

319
320

324
327
332
335
338

339

346
354

355

359
362
364
369
371
387

391
397
401

403
405
409
413
415

417
423
431
433
434

439
440
442



Contents Xi

6.2.1 Higher Order 450
6.2.2 Eliminating Secular Terms 453
6.3 Many Degrees of Freedom 455
6.3.1 Driven Pendulum as a Perturbed Rotor 458
6.4 Nonlinear Resonance 459
6.4.1 Pendulum Approximation 461
6.4.2 Reading the Hamiltonian 468
6.4.3 Resonance-Overlap Criterion 468
6.4.4 Higher-Order Perturbation Theory 470
6.45 Stability of the Inverted Vertical Equilibrium 473
6.5 Summary 476
6.6 Projects 477
7 Appendix: Scheme 479
8 Appendix: Our Notation 489
References 505
List of Exercises 509

Index 511



