Table of Contents

Part I. An Introduction to Quantum Groip s

1. Hopf Algebras

.....................

1.1 Prolog: Examples of Hopf Algebras of Functions on Groups . .
1.2 Coalgebras, Bialgebras and Hopf Algetfas .................

1.2.1
1.2.2
1.2.3
1.2.4
1.2.5"
1.2.6
1.2.7
1.2.8*
1.2.9°

1.2.10* h-Adic Hopf Algebras

Algebras ...................
Coalgebras ..........uuuuuu, i
Bialgebras..................
Hopf Algebras .........oovuu oo,
Dual Pairings of Hopf Algebrag .- i
EXa.mples of Hopf A]gebras TAE | 4 i e n e aareasaaseenns
$=SEIUCLUTES . . . . oottty ereaa e
The Dua,i, H()pf Algebra A° B I
Super Hopf Algebras......... «ccoeereneeneaienenn.

1.3 Modules and Comodules of Hopf Alget fas .................

2.1

2.2

1.31
1.3.2
1.3.3
1.3.4*
1.3.5*

g-Calculus
Main Notions on g-Calculus

211
212
2.1.3
2.14
2.1.5
2.1.6
247

Modules and Representations . «-:«-«-cxovevvevenens
Comodules and Corepresentatic NS -« ... ...oovvnts
Comodule Algebras and Relatec Concepts ...........
Adjoint Actions and Coactions 0f Hopf Algebras .....
Corepresentations and Represer tations

of Dually Paired Coalgebras ans I Algebras ...........

............................

.........

g-Numbers and g-Factorials... -« --covooiiion. :

¢-Binomial Coefficients .. .. ...
Basic Hypergeometric Functions S« -« vvovovenvnnn
The Function 1pg(@; q,2)..... ~«oceevreeeienn.
The Basic Hypergeometric Func *tion 2¢; ............
Transformation Formulas for 3¢ ’2 and 4~’Pa| -----------

g-Analog of the Binomial Theor €M .................

g-Differentiation and g-Integration ... -.-...- .. ooiiit.

221

g-Differentiation............. «ceeerreeriiieeiie..



X

Table of Contents

222 q-lntegral ...................
2.2.4 g-Analog of the Gamma Function
2.3 g-Orthogonal Polynomials =
2.3.1 Jacobi Matrices and Orthogonal Polynomials
232 g-Hermitd Polynomials .~~~
2.3.3 Little g-Jacobi Polynomials
2:3.4 BIg g-Jacobi Polynomials

2.4 NOTES .ttt e

The Quantum Algebra Uq(slz) and Its Representations . . .
3.1 The Quantum Algebras Uq(slz) and Uy (sl,)
3.1.1 The Algebra Uy(sly) ................... .. ...
3.1.2, The Hopf Algebra Up(alz) ..,...ovooy., o, o 008
3.1.3 The Classical Limit of the Hopf Algebra U, (sl,)
3.1.4  Real Forms of the Quantum Algebra U, (sl,)
3.1.5  The h-Adic Hopf Algebra Un(sla) oo
3.2 Finite-Dimensional Representations of U, (slz)
for ¢ not a Root of LEL R
3.2.1 The Representations T
LU Wi iteDresencations J B i s e e e e
3.2.2 Weight Representations and Complete Reducibility . . .
3.2.3 Finite-Dimensional Representations of (}q{slg)
i b L Y AN b S L
3.3 Representations of Uy(sly) for ¢ a Root of Unity
3.3.1 The Center of Lo N s e, o L
3.3.2 Representations of 25 VS I AL
3.3.3 Representations of 5 i O 05 i Sl .
3.4 Tensor Products of Representations. ‘
Clebsch-Gordan Coefficients

3.4'1 A e SR e UTULIBIIUE ¢ L4 s il g v se e b n e o
3.4.1 Tensor Products of Representations 7T}
34.2 Clebsch-Gordan Coefficients ........... ... . .. . .
3.43 Other Expressions for Clebsch-Gordan Coefficients . . .
3.4.4 Symmetries of Clebsch—Gordan Coefficients . ... ... ...
3.5 Racali Coefficients and 65 Symbols of LI (BNg Y i o aismsion
351 Deﬁnition of the Racah Coefficients

352 Relations Between Racah
=" and Clebsch-Gordan Coefficients
Symmetry Relations ........................ ..

353 Calculation of Racah Coefficients
3.5.4 The Biedenhn.rn—F‘.ll_in++ L P
3.55 The Biedenharn-Elliott Identity. . . ... ...

3.5.6 TheHexagonRelation............................
3.5.7 Clebsch-Gordan Coefficients

as Limits of Racah Coefficients. . ...................

3.6 Tensor Operators and the Wigner-Eckart Theorem ..., ,..,.

3.6.1 Tensor Operators for Compact Lie Groups. .. ........

46
47
48
49
49
50
51
52
52

78




Table of Contents

3.6.2 Tensor Operators and the Wigner-Eckart Theorem

for Uq(sug} ..................................... .I
3.7 Applications. ... .
3.7.1 The Uy(slz) Rotator Model of Deformed Nuclei. . .. .. j

3.7.2 Electromagnetic Transitions in the Ug(slz) Model . . . . |
3.8 NOteSs. ...

The Quantum Group SL4(2) and Its Representations
4.1 . The Hopf Algebee. OCBLG )} iv-oiis b siswidminnsaaadio sl .
4.1.1 The Bialgebra O(My(2)) «.vvvvvvvninnnennnnnnn....
4.1.2 The Hopf Algebra O(SLy(2)) « o' vvvvennnenrnnnnn...
4.1.3 A Geometric Approach to SL,(2)
4.1.4 Real Forms of O(SLy(2))
4.1.5 The Diamond Lemma .. ......ciivvnnnnrnsnnenn...
4.2 Representations of the Quantum Group SL M e
4.2.1 Finite-Dimensional Corepresentatlons of O(SL4(2)):
Mk BROmulm i s o ioeiniod T e SN sy e 4 < 5 5450 e v
4.2.2 A Decomposition of O(SLy(2)). . .ovovereninenoi...
4.2.3 Finite-Dimensional Subcomodules of O(SL,(2))
4.2.4 Calculation of the Matrix Coefficients ............ ...
4.2.5 The Peter—Weyl Decomposition of O(SLq(2))
4.2.6 The Haar Functional of O(SL4(2))
4.3 The Compact Quantum Group SU, 7(2)
and Its Representations ..................coooonvunno.. ..
4.3.1 Unitary Representations
of the Quantum Group SU,(2)
4.3.2 The Haar State

..........................

and the Peter—-Weyl Theorem for O(SU, (2))
4.3.3 The Fourier Transform on SU,(2) ..................
4.3.4 #-Representations and the C*-Algebra of O(SUL(2)) ..

4.4 Duality of the Hopf Algebras U,(sl,)

a0d OGSLERY) oomois motti s apl A 9t SIGOVRLEDE o htie e v i
4.4.1 Dual Pairing of the Hopf Algebras U,(sl)

snd Q(SEJR)) duiil. isivatlatiebad .. Ll 8 v
4.4.2 Corepresentatlons of O{S Lq(2))

NT T WNT S

and Representatlons of Uy(sl2)

4.5 Quantum 2-Spheres i ..o ime s Sl i s e vt e e
4.5.1 A Family of Quantum Spaces for SL S42) Lo kb v
4.5.2 Decomposition of the Algebra O(S, p) ..............
4.5.3 Spherical Functionson S2, ........................

4.5.4 An Infinitesimal Characterization of O(S 4]
4.6 Notes

.................................................

Xl

117




X1l Table of Contents

5. The g-Oscillator Algebras and Their Representations .. ... 133
5.1 The ¢-Oscillator Algebras A7 and Ag ..................... 133
5.1.1 Definitions and Algebraic Properties . ............... 133
5.1.2 Other Forms of the g-Oscillator Algebra............. 136
5.1.3 The g-Oscillator Algebra
and the Quantum Algebra Uy(sly) .. ......ooevnn.... 137
5.1.4 The g-Oscillator Algebras
and the Quantum Space Mg2(2) ...t 140
5.2 Representations of g-Oscillator Algebras................... 140
5.2.1 N-Finite Representations.......................... 140
5.2.2 Irreducible Representations
with Highest (Lowest) Weights . .................... 141
5.2.3 Representations Without Highest and Lowest Weights 143

5.2.4 Irreducible Representations of AJ
for- e b Bl My 216! S AR PRI BuERT LA, L kL 145
5.2.5 Irreducible »-Representations of A7 and Ag i .. 147
5.2.6 Irreducible *-Representations
of Another ¢g-Oscillator Algebra .................... 148
5.3 The Fock Representation of the g-Oscillator Algebra ........ 149
5.3.1 The Fock Representation .......................... 149
5.3.2 The Bargmann-Fock Realization ................... 150
5.3.3 + Coherent Stees < 7. Wi B i adiis S v v v o 152
" 5.3.4 Bargmann-Fock Space Realization
of Irreducible Representations of Ug(slg) ............. 153
B4 2 Nobes .indanistmaint bR L TR asafadami v 154
Part 1l. Quantized Universal Enveloping Algebras
6. Drinfeld—Jimbo Algebras ................... ... ... ... .... 157
6.1 Definitions of Drinfeld-Jimbo Algebras .. .................. 157
6.1.1 Semisimple Lie Algebras ............ ... ... ... 157
6.1.2 The Drinfeld-Jimbo Algebras Ug(g)................. 161
6.1.3 The h-Adic Drinfeld-Jimbo Algebras Up(g) .......... 165
6.1.4 Some Algebra Automorphisms
of Drinfeld-Jimbo Algebras .. ................... ... 167
6.1.5 Triangular Decomposition of Uy(g) ................. 168
6.1.6 Hopf Algebra Automorphisms of Ug(g) .............. 171
6.1.7 Real Forms of Drinfeld-Jimbo Algebras ............. 172
6.2 Poincaré-Birkhoff-Witt Theorem and Verma Modules. . .. ... 173
6.2.1 Brald G oD i s i < bt v e b b e s 173
6.2.2 Action of Braid Groups on Drinfeld-Jimbo Algebras .. 174
6.2.3 Root Vectors and Poincaré-Birkhoff-Witt Theorem ... 175
6.2.4 Representations with Highest Weights............... 177
6.25 Verma Modules ............. ... ..., 179



Table of Contents  XIII

6.2.6 Irreducible Representations with Highest Weights . ...
6.2.7 The Left Adjoint Action of Uy(g) ...................
6.3 The Quantum Killing Form and the Center of Ualg) i ..n5.
6.3.1 A Dual Pairing of the Hopf Algebras Uq(by)
and Uglho) .. v wantinsmvusman s oeiivass o 8a5 oo me
6.3.2 The Quantum Killing Form on Uy(g) ...............
6.3.3 A Quantum Casimir Element .................... ..
6.3.4 The Center of U,(g)
and the Harish-Chandra Homomorphism ............
6.3.5 The Center of U,(g) for ¢ a Root of Unity ...........
O “INOBBB . . o i e S s s e e s & e v s

Finite-Dimensional Representations

of Drinfeld—Jimbo Algebras........................... ... .
7.1 General Properties of Finite-Dimensional Representations
OF Ugh0) v« o cishmisian fi i dov e sbb ks nttioiics s b vno

7.1.1 Weight Structure and Classification.......... .. ... ..
7.1.2 Properties of Representations ......................

7.1.3 Representations of h-Adic Drinfeld—Jimbo Algebras ... 202

7.1.4 Characters of Representations and Multiplicities

o; ALC T4 1] Py W e SRSt SRR S0 203

7.1.5 Separation of Elements of Uy(g) .................... 204
7.1.6 The Quantum Trace

of Finite-Dimensional Representations .............. 205

7.2 Tensor Products of Representations . .................... .. 207

7.2.1 Multiplicities in Tensor Products of Representations .. 208

7.2.2 Clebsch-Gordan Coefficients ....................... 211

7.3 Representations of £7q(gln} for ¢ not a Root of Unity . ....... 212

7.3.1 The Hopf Algebra (j'q(gln) ......................... 212

7.3.2 Finite-Dimensional Representations of Uggl,) ....... 213
7.3.3 Gel'fand-Tsetlin Bases and Explicit Formulas

for Representations v v e o S0 id vl i 214

7.3.4 Representationsof Class 1.................. ... ... 217

7.3.5 Tensor Products of Representations................. 218

7.3.6 Tensor Operators and the Wigner-Eckart Theorem . .. 219

7.3.7 Clebsch—-Gordan Coefficients

for the Tensor Product T @ T4 .. .o oo v oo 220
7.3.8 Clebsch-Gordan Coefficients
for the Tensor Product T}, ® O B et A 221
7.3.9 The Tensor Product T,,, ® T} for ¢*1 —0 ..... ... ... 224
| T4 1Crystal Basen o] (078 Yo oot ebbors nelengdl . oGP - 225
7.4.1 Crystal Bases of Finite-Dimensional Modules . . ... ... 226
7.4.2 Existence and Uniqueness of Crystal Bases .......... 227
7.4.3 Crystal Bases of Tensor Product Modules . .......... 228



X1V

Table of Contents
7.4.4 Globalization of Crystal Bases ..................... 229
745 Crystal Basesof Ug(n_)........................... 230
7.5 Representations of Uy(g) for ¢ a Root of Unity ............. 232
7.5.10 . General'Resultss s o 00w anioal el 4 L il e 232
7.5.2 Cyclic Representations ...............ooveiennn... 234
7.5.3 Cyclic Representations of the Algebra U(sl;11) ...... 235
7.5.4 Representations of Minimal Dimensions ............. 237
7.5.5 Representations of U,(sl;+1) in Gel’fand-Tsetlin Bases 238
7.8 Appleationd . ropd W sslieediiasbnnld adt bovovaaiaves o 240
7.7 Notes spielids teotl sk doandoe doad o 88 vivin 242
Quasitriangularity and Universal R-Matrices ............. 243
8.1 Quasitriangular Hopf Algebras ........................... 243
8.1.1 Definition and Basic Properties .................... 243
8.1.2 R-Matrices for Representations. .................... 246
8.1.3 Square and Inverse of the Antipode . ................ 247
8.2 The Quantum Double and Universal R-Matrices............ 250
8.2.1 The Quantum Double of Skew-Paired Bialgebras .. ... 250
8.2.2 Quasitriangularity of Quantum Doubles
of Finite-Dimensional Hopf Algebras................ 254
8.2.3 The Rosso Form of the Quantum Double ............ 257
8.2.4 Drinfeld-Jimbo Algebras as Quotients
; of Quantum Doubles ... iviiihviib i dui i iv e, 258
R 3 FExplicit Form of Universal R-Matrices .................... 250
8.3.1 The Universal R-Matrix for Up(sla) ................. 259
8.3.2 The Universal R-Matrix for Up(g) .................. 261
8.3.3 R-Matrices for Representations of Ug(g) ............. 264
8.4 Vector Representations and R-Matrices ................... 267
8.4.1 Vector Representations of Drinfeld-Jimbo Algebras ... 267
8.4.2 R-Matrices for Vector Representations .............. 269
8.4.3 Spectral Decompositions of R-Matrices
for Vector Representations. ............covuvnen.o.... 272
8.5 L-Operators and L-Functionals. .......................... 275
8.5.1 L-Operators and L-Functionals..................... 275
8.5.2 L-Functionals for Vector Representations ............ 277
8.5.3 The Extended Hopf Algcbras U, 2l ) ROV ES I S 281
8.5.4 L-Functionals for Vector Representations of U,(g) . ... 283
8.5.5 The Hopf Algebras U(R) and UL(g) ................ 285
8.6 An Analog of the Brauer-Schur-Weyl Duality . ............. 288
8.6.1 The Algebras Uy(Son) - voovvvevninnininnnnnnnnn.. 288
8.6.2 Tensor Products of Vector Representations .......... 289
8.6.3 The Brauer-Schur-Weyl Duality
for Drinfeld-Jimbo Algebras ....................... 291
8.6.4 Hecke and Birman-Wenzl-Murakami Algebras . ... ... 203
8.7 APPHEREOHS. v nr v i v AR e 204



Table of Contents XV

8.7.1 Baxterization ................ciiiiiiiiii 295
8.7.2 Elliptic Solutions
of the Quantum Yang-Baxter Equation ............. 297
8.7.3 R-Matrices and Integrable Systems ................. 298
8.8 NOTES.. .. 300
Part I1l. Quantized Algebras of Functions
9. Coordinate Algebras of Quantum Groups
and Quantum Vector Spaces ................cooovviiiin. .. 303
9.1 The Approach of Faddeev—Reshetikhin-Takhtajan .......... 303
9:.1.1 The FRT Bialgebra ALR) ! & vseldcdotosadoh &5 1004 o0 un 303
9.1.2 The Quantum Vector Spaces X1 (f; R) and Xr(f; R) .. 307
9.2 The Quantum Groups GLg(N) and SLg(N) .......ovn.... 309
9.2.1 The Quantum Matnx Spa.ce M, (N}
and the Quantum Vector Space. CN ................. 310
9.2.2 Quantum Determinants ........................... 311
9.2.3 The Quantum Groups GLy(N) and SLy(N) ......... 313
9.2.4 Real Forms of GLy(N) and SL,(N)
and *-Quantum Spaces. .................ciiiii.... 316
9.3 The Quantum Groups Oy(N) and Spg(N) ................. 317
9:3.1 The Hopf Algebras O(O,4(N)) and O(Spy(N)) ....... 318
9.3.2 The Quantum Vector Space
for the Quantum Group Oy(N) .................... 320
9.3.3 The Quantum Group SOG(N) ..................... 323
9.3.4 The Quantum Vector Space
for the Quantum Group Spg(N).................... 324
9.3.5 Real Forms of O,(N) and Sp,(N)
and *-Quantum Spaces...............c..ooiiinnnn.. 325
9.4 Dual Pairings of Drinfeld-Jimbo Algebras
and Coordinate Hopf Algebras ........................... 327
9.0 Nobes-. .. Uil S weisulaneat Jeoermod S bis oo 330
10.

Coquasitriangularity and Crossed Product Constructions . 331

10.1 Coquasitriangular Hopf Algebras ......................... 331
10.1.1 Definition and Basic Properties .................... 331
10.1.2 Coquasitriangularity of FRT Bialgebras A(R)

and Coordinate Hopf Algebras O(Gy)............... 337
10.1.3 L-Functionals of Coquasitriangular Hopf Algebras . ... 342

10.2 Crossed Product Constructions of Hopf Algebras ......... .. 349
10.2.1 Crossed Product Algebras ... ...................... 349
10.2.2 Crossed Coproduct Coalgebras ..................... 352

10.2.3 Twisting of Algebra Structures by 2-Cocycles
and Quantum Doubles



XVI Table of Contents

10.2.4 Twisting of Coalgebra Structures by 2-Cocycles

and Quantum Codoubles ... .. .. ..................
10.2.5 Double Crossed Product Bialgebras

and Quantum Doubles 359

10.2.6 Double Crossed Coproduct Biaigebras

and Quantum Codoubles .. .. .. .. .................. 362
10.2.7 Realifications of Quantum Groups .................. 363
10.3 Braided Hopf Algebras ... ... .. ....................... 365

10.3.1 Covariantized Products
for Coquasitriangular Bialgebras . .................. 365

10.3.2 Braided Hopf Algebras
Associated with Coqussitriangular Hopf Algebras .... 370

10.3.3 Braided Hopf Algebras
Associated with Quasitriangular Hopf Algebras . ..... 376
10.3.4 Braided Tensor Categories and Braided Hopf Algebras 377
10.3.5 Braided Vector Algebras . . . . .. . ... ... . ... . ... .. 380
10.3.6 Bosonization of Braided Hopf Algebras .. ............ 382
10.3.7 *-Structures on Bosonized Hopf Algebras .. .......... 386
10.3.8 Inhomogeneous Quantum Groups. . ................. 388
10.3.9 *-Structures for Inhomogeneous Quantum Groups .... 390
104 NOTES .ottt e e 394
11. Corepresentation Theory and Compact Quantum Groups. 395
11.1 Corepresentations of Hopf Algebras .. . .. ... .. . . ... .. .. 395
11.1.1 Corepresentations .. .. .. .. .. ... ... 395
1112 Intertwiners 397
11.1.3 Constructions of New Corepresentations , . .. ......... 397
11.1.4 Irreducible Corepresentations ... . ... .. .. .. ... .. . .. 398
11.1.5 Unitary Corepresentations . . . . . ... 401
11.2 Cosemisimple Hopf Algebras . . . . ... ... .. .. 402
11.2.1 Definition and Characterizations . .. .. ... .. . .. ... 402
11.2.2 The Haar Functional of a Cosemisimple Hopf Algebra. 404

11.2.3 Peter-Weyl Decomposition

of Coordinate Hopf Algebras. . ... ... ... .. ... ... .. 408
11.3 Compact Quantum Group Algebras. . .. ... .. ... .. .. . .. 415
11.3.1 Definitions and Characterizations of CQG Algebras ... 415
11.3.2 The Haar State of a CQG Algebra. ... ... ... ...... .. 419
11.3.3 C*-Algebra Completions of CQG Algebras. . ......... 420
11.3.4 Modular Properties of the Haar State ... ........... 422
11.3.5 Polar Decomposition of the Antipode . ... .. ......... 426
11.3.6 Multiplicative Unitaries of CQG Algebras . .......... 427
11.4 Compact Quantum Group C*-Algebras . . . . . ... .. ... . .. 429
11.4.1 CQG C*-Algebras and Their CQG Algebras ......... 429

11.4.2 Existence of the Haar State of a CQG C*-Algebral .... 431
11.4.3 Proof of Theorem 39 433



s (A S

Table of Contents XVII

11.4.4 Another Definition of CQG C*-Algebras ............ 434
11.5 Finite-Dimensional Representations of GLy(N)............. 435
11.5.1 Some Quantum Subgroups of GL,(N) .............. 435
11.5.2 Submodules of Relative Invariant Elements .......... 436
11.5.3 Irreducible Representations of GLg(N) .............. 437
11.5.4 Peter—Weyl Decomposition of O(GLy(N)) ........... 439
11.5.5 Representations of the Quantum Group Uy(N) ....... 441
11.6 Quantum Homogeneous Spaces........................... 442
11.6.1 Definition of a Quantum Homogeneous Space . . ... ... 442
11.6.2 Quantum Homogeneous Spaces
Associated with Quantum Subgroups ............... 443
11.6.3 Quantum Gel’fand Pairs .......................... 445
11.6.4 The Quantum Homogeneous Space U,(N—1)\U,(N) .. 447
11.6.5 Quantum Homogeneous Spaces
of Infinitesimally Invariant Elements .. .............. 451
11.6.6 Quantum Projective Spaces........................ 452
117 d e e B e e 454
Part IV.. Noncommutative Differential Calculus
12. Cowv:ariant Differential Calculus on Quantum Spaces. ...... 457
12.1 Covariant First Order Differential Calculus ................ 457
12.1.1 First Order Differential Calculi on Algebras. ......... 457
12.1.2 Covariant First Order Calculi on Quantum Spaces .... 459
12.2 Covariant Higher Order Differential Calculus. .. ............ 461
12.2.1 Differential Calculi on Algebras ... ................. 461
12.2.2 The Differential Envelope of an Algebra ............. 462
12.2.3 Covariant Differential Calculi on Quantum Spaces .... 463
12.3 Construction of Covariant Differential Calculi
on QUaNtuM SPaCceS ..........oviirii i 464
12.3.1 General Method. ... .. .. .......................... 464
12.3.2 Covariant Differential Calculi
on Quantum Vector Spaces . ... .................... 467
12.3.3 Covariant Differential Calculus on C¥
and the Quantum Weyl Algebra. .. ................. 468
12.3.4 Covariant Differential Calculi
on the Quantum Hyperboloid ... ... ................. 471
12,4 NOTES .ottt e e e 472
13. Hop f Bimodules and Exterior Algebras .. ................. 473
13.1 Covariant Bimodules . .. .. .. .. .......................... 473
13.1.1 Left-Covariant Bimodules .. ... .................... 473
13.1.2 Right-Covariant Bimodules ... ................... 477
13.1.3 Bicovariant Bimodules (Hopf Bimodules) ............ 477



XVIII Table of Contents

13.1.4 Woronowicz' Braiding of Bicovariant Bimodules . . . ... 480
13.1.5 Bicovariant Bimodules and Representations
of the Quantum Double .. . .. ... ... ... 483
13.2 Tensor Algebras and Exterior Algebras
Of Bicovariant BimOdUIeS ................................ 485
13.2.1 The Tensor Algebra of a Bicovariant Bimodule . .. ... 485
13.2.2 The Exterior Algebra of a Bicovariant Bimodule. .. . .. 488
13,3 NOTES .o 490
14. Covariant Differential Calculus on Quantum Groups . .. ... 491
14.1 Left-Covariant First Order Differential Calculi . . .. .. .. 491
14.1.1 Left-Covariant First Order Calculi
and Their Right Ideals . . . ... . .. . ... 491
14.1.2 The Quantum Tangent Space .. R 1Y
14.1.3 An Example: The 3D-Calculus on SL,(2) ........... 496
14.1.4 Another Left-Covariant Differential Calculus
on SL(2)] oo 498
14.2 Bicovariant First Order Differential Calculi . . 498
14.2.1 Right-Covariant First Order Differential Calculi . . .. 498
14.2.2 Bicovariant First Order Differential Calculi . ... .. .. 499
14.2.3 Quantum Lie Algebras
of Bicovariant First Order Calculi . . . .. 500
14.2.4 The 4D, - and the 4D_-Calculus on SL,(2) ] . ... .. ... 504
14.2.5 Examples of Bicovariant First Order Calculi
on Simple Lie Groups 505
14.3 Higher Order Left-Covariant Differential Calculi = .. ... .. 506
14.3.1 The Maurer-Cartan Formula 506
14.3.2 The Differential Envelope of a Hopf Algebra 507

14.3.3 The Universal DC of a Left-Covariant FODC . ... .. ]]H] 508
14.4 Higher Order Bicovariant Differential Calculi.
14.4.1 Bicovariant Differential Calculi
and Differential Hopf Algebras 511

14.4.2 Quantum Lie Derivatives and Contraction Operators. . 514
14.5 Bicovariant Differential Calculi

on Coquasitriangular Hopf Algebras 517
14.6 Bicovariant Differential Calculi
on Quantized Simple Lie Groups . .. ... ... ... 521
14.6.1 A Family of Bicovariant First Order
Differential Calculi ..................... .. . 321
14.6. 2 Bruldmg and Structure C‘onstantu of tlu—- FODL Iy . . 524

14.6.3 A Canonical Basis for the Left-Invariant I- Forms 11 .. 525
14.6.4 Classification of Bicovariant First Order
Differential Calculi 527

14, TINOTES ..ot 528



Table of Contents  XIX




